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EFFECT OF VISCOSITY ON THE WAVE PROCESS
IN A NONUNIFORM FLOW WITH A CRITICAL LEVEL

V. A. Pavlov UDC 532.592; 551.537

A continuous analytical representation of an acoustic-gravitational field in a medium with a
nonuniform flow in the presence of a critical layer is constructed. It is shown that taking into
account the effect of viscosity eliminates singular values of the field.

A nonuniform flow (wind) forms a specific spatial structure of acoustic-gravitational waves [1-3]. In
particular, a region with the so-called critical level can be formed. In the linear approximation without
allowance for dissipation, both the velocity and density of the medium at this level turn to infinity. The
energy of a perturbed field in an infinitely thin layer also becomes infinite. In this situation, a modification
of the model adopted is required. One possible approach to “elimination” of infinities is based on making an
allowance for dissipation. This approach raises the order of the system of equations and, as a result, there
arises a “singularly perturbed problem” [4]. Weak dissipation brings about a small parameter, a coefficient
at the higher derivative. This work is devoted to an analytical study of the spatial structure of an acoustic-
gravitational wave under the above conditions.

The wave process is described by the following linear system of gas-dynamic equations taking into
account weak dissipation:

dp .o dv _ 7 ’ ’ n s

pr + po{z)dive’ =0, o0(z) pri VP —pge, + nAv' + (C + §)Vd1vv .
dP . d ) (1)
e —agd—;) =0, P =PRy(z)+ P, p=po(z)+ 0, v =vp(2)ey + 0.

Here and below p, P, and v are the density, pressure, and velocity, n and ¢ are the viscosities (assumed
constant), g is the acceleration of gravity; = and z are the Cartesian coordinates; t is the time, a9 =
(vPopgy ! )1/ 2 is the velocity of sound, and 7 is the ratio of specific heats. The subscript 0 and the prime refer
to the parameters of the medium in an unperturbed state and to their perturbations, respectively.

The unperturbed state of the medium at 5 # 0 is described by the relations

Py(z) = Po(0) exp(—zH'I), po(z) = po(0) exp(——zH_l), H= agg'lv'l,

vo(z) = wozg (2 — 20), 21 = zowy N (wo + wk ™).
We study a two-dimensional acoustic-gravitational wave excited by a distribution of the vertical velocity
of the medium at a level z = const in the form of a stationary wave
ve(t, ) = v.(2) exp (—iwt + ikz) (2)
that propagates in the  direction with a velocity wk™!. Since the properties of the medium do not depend

on the horizontal coordinate z, the perturbation in the x direction is also stationary. The total derivative
d/dt in (1) can be represented as
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f_. df - - -
== ikags(z)f + v —d—;q, s5(z) = agtvo(2) — wk™1] = doz7 (2 — ).
We consider the case with boundary condition (2) set at a certain level below z;.
With allowance for viscosity (7 # 0 and { # 0), we represent the system of equations (1) in the form
of four interrelated equations for v, v, p/, and P’:

- 2L
Kl ;;lj s (5:2; TR s’j+ i25) [c% - :/1? - Zo_u: +ives 52}”” *)
Mwm%:ngwﬂ+@+9§§jnﬁé+@+9§5 (5)
ikags(P' — a3p’) — v’ 7 ; ! a3 %?0 =0. (6)

Here v, (n = 1, 2, and 3) are dimensionless small parameters, v; = nkag'p;!, vy = (¢ + 41/ 3)kagy 1pa ! and
v3 = ((+1n/3)ag pg!. For v, =0, the order of system (3)—(6) is reduced, and the fields of v, vl, p/, and P’
can be expressed in terms of a function ®(z) that satisfies the differential equation

d2®
=+ D*(2)® =0, (7)
D2(z)=i12__k2(1_32)_ 1 ! 2-ywo 3 w§
a3s? 4H? Hags(1—-s2) v 20 a3(l—s2)? 2’

vl = V1~ s exp(z/(2H))®(z) exp (—iwt + ikz),

o = i ( d 1 swo)v, P ipo {u s d wy aos]v,
T k(1 -5 \dz  yH agz/ ° TTRA-)Udr HI®
r PO [ s d  y=1-98  swo ]U, 2o =g

" ikagsll —sdz T yH(1—52) ag(l — %)zl *’ ! at

For z — z; , we have s(z) — 0. Ignoring dissipation, we obtain the following estimates for the
fields: P’ ~ v, ~ (z—z)!™® and p/ ~ v}, ~ (2~ 2)7® Here a = [1 + (1 — 4R;)"/?/2 and R; =
4((v = 1)/7)(ad/H?) (23 /uwd). If 4R; < 1, then v}, — oo and p’ — 00, and for z — zj, the conditions for
linearization of the system of gas-dynamic equations are violated. The layer in the vicinity of z = 2; is called
the critical layer.

We divide the z axis into five zones (Fig. 1). In zones 1 (2 < z;) and 2 (z > z;), we construct
an “external” representation of the field based on approximation (7) [below, the factor exp (—iwt + ikz) is
omitted|:

M o AN/ g2 Z \eW (4 @ 4D /12 Z o,
vy~ A 1 sexp(2H)<I> (2), vy A 1 sexp(2H)<I) (2).

Here ®()(z) is a solution of Eq. (6) that satisfies the condition
&) ~ exp ( - i/D(z’) dz')

for z — oo and Re D > 0.

The coefficient AV is found from boundary condition (2), and A?® is determined below from the
condition of matching of the fields in neighboring zones. In zone 3 (z & z;) we construct, on the basis of
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Fig. 1

system (3)—(6) with v, < 1 and |s(z)| < 1, an “internal” representation of the fields, which possesses the
property of finiteness.
Provided that the condition

I y-1
Po sag| ykH ®
is valid for z — z;, we have P’ = a3p’ according to (6). We represent Eq. (5) in the form
d !
?l% + -% ~ q1(z, vn),
where
— dn\ _p —2,2 duyg
q1(2,vy) = —ikag ' posv’, + (C—i— ) %" =3 kvl +ikag (C—l— ) o
If
lan) < o'y HTY, 9
we obtain
p’zAw)exp(— z—z1>_ (10)
yH /'
'y A3, =2 _:ET4a
P = AVYq, exp( H ) (11)
For z — z;, Eq. (4) reduces to
i dvl, ivs d*vl,
Fd N T g T (12)
i 1 swg di,
where ¢» = _E[_ :77{- - m+wgsgz}v .
We restrict our consideration to the case in which the condition
vis d%vl,
ool < |7 SF (13)
is valid. In view of (12) and (13), we find from (3)
) PO ns v, i
@05 [ 2 d22  kH ”] (14)
assuming additionally that
oA L d?vp
k'Hsl k2 4220 (15)
According to (10), (14), and (15), we have
vy e @3y ,-1 £ _EFTA
ol tapk“vy A% pg(0) exp (ﬁ - E ),

and, for z — 2z,
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vl dagk? A® 201 p0(21)] "z — 21)2 (16)
By virtue of (12), we have
v, & ika050[2z1p0(z1)]‘IA(3>(Z —z)% (17)
Conditions (8), (9), (13), and (15) limit the area of applicability of the “internal” representation (10),
(11), (16), and (17): |z — 21| < 2H. The relation v, ~ v7! is valid, where v; < 1 and |v/,/v.| & |kz1/(1160)]-
For z — z; and v # 0, there is no singularity in the fields of v/, and p’. Thus, a second undetermined
parameter A} appears.
To study the fields in “intermediate” zones 4 and 5, we introduce a new dimensionless variable ¥y =
(z — 21)/u(v1) such that p(v;) — 0as vy — 0; y = 1; uvy!t — 0.
The field f(y, ) can be expanded as

flyp) = fa@) + foly) +pfiw) +..., w1)—0, vy —0.

Equation (6), in view of (3) and (4), becomes

y_ o d n 1 dul do ; s PoWo
Equation (4) relates v/ (y, u) and v’ (y, p):
I N N
With account of (3) and (19), we obtain the relation
/ ipo(z1)21(y ~1)
=——"——2=y [1+0 . 20
o= BT 1+ 0w (20)
From (18) and (19), we find the dependence P’(v’):
j A, iagpo(z1)d0 dv.  ipo(z1)uwo
p=|Lp200 10 y =2 4 PR 1 :
[hh2 G = Py e+ PRl 1+ 0 (21)

Thus, we obtained relations (19)—(21) that permit determination of v}, p/, and P’ with accuracy to
O(u), provided that the function v/ is known. Equation (6) reduces to

7

%‘i;— = gup/[1 + O(u)], (22)

and in view of (20)—(22), we have a fourth-order equation for v.(y, u). For u(vy) = ;:mz/l1 /3 {(m = 4 for zone 4
and m = 5 for zone 5), the function v} is independent of the parameter u:

d*l(y) o) dPUL(Y) . om) ULY) . o(m) -1
Tyt By Tdr iB; “dy iB3 "y~ v (y) = 0. (23)
Here B{™ = dok223 271, B{™ = B{™(1 — 62), and B{™ = (v — 1)k?23 21/ (v260 H?).
In zones 4 and 5, we have
4
@)™ =y CEVFM(y), (24)

n=1

where F,gm) (n=1, 2, 3, and 4; m = 4 and 5) are the linearly independent solutions of Eq. (23).
Expression (24) includes 10 arbitrary parameters C,(lm) and zp, (n=1,2,3,and 4; m = 4 and 5). The
intermediate representations in zones 4 and 5 are

vl &~ wo(y) + mer(y) + pieay) + ...,

v~ p T o1 (y) +Yo(y) Futr(y) +..., Y= ’E‘ —_
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Pl o) + foly) + i)+ o= —ip(’(zlo)oi':g; 2 W;y),

P' = ®o(y) + p®y (y) + 122 (y) + ..., wry) =0, v — 0,

o — 20po(z1) Po _ impo(z1)d y B0, iolz)wo
07 T3 dy kzt dy kzg 70

Matching of the fields of v/, v}, p/ and P’ is performed simultaneously at four levels, z(1), 2(¥, 2@ and 2(4)
(see Fig. 1), with allowance for the first terms of the series, ¢, -1, f-1, and ®¢. Here, we have 16 equation
in 16 parameters: z™ (n =1,...,4), 2™ (m = 4, 5), C™ . A® and A®. Derivatives can be discontinuous
at matching points.

Thus, making allowance for dissipation leads to elimination of infinite values of the fields of v, and
p at z = z [see (14), (16), and (17)]. The use of “internal” and “external” series allows a continuous
representation of the fields of v, v.. ¢/, and P’ to be constructed.
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